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PLUMBERS’ KNOTS
CHAD GIUSTI
Abstract. We construct a new type of finite-complexity knot theory,
the theory of plumbers’ knots, which models classical knot theory and
carries an intrinsic combinatorial cell structure for each fixed level of
complexity. Utilizing these cell structures, describe algorithmic solutions
to the problems of distinguishing and enumerating such knots.
In this paper, we introduce a new flavor of finite-complexity knot theory.
The curves we consider, called plumbers’ curves, are a family of PL curves
in I3 ⊂ R3 whose segments run parallel to the coordinate axes in the fixed
order {x, y, z, x, y, . . . , z}. By focusing on such rigid curves, we maintain
a thorough geometric understanding of the spaces without sacrificing the
theoretical power of more general models.
To wit, the collection of all such curves decomposes into a directed system
of spaces Pn of plumbers’ curves of n moves, each of which is homeomorphic
to a Euclidean cube. Inside of each Pn lies the subspace of plumbers’ knots
of n moves, Kn, whose weak homotopy type we show converges to that of
the space of C1 long knots. As such, these spaces provide us with a model
for classical knot theory.
In addition, we show that each plumbers’ curve space Pn admits a cellular
decomposition, and the induced cell complex can be canonically described
through elementary combinatorics. Within this cell complex we identify
a subcomplex for the discriminant, Sn = Pn \ Kn, providing an explicit
(albeit still complicated) description of the geometry of the discriminant
and how it evolves through the directed system. Other finite-complexity
knot spaces do not seem to carry such structure, which make plumbers’
knots very attractive for use in studying the Vassiliev spectral sequence, a
program which we continue in later work.
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Understanding these decompositions allows us to construct a determin-
istic finite-time algorithm that enumerates the components of Kn. An im-
plementation of this algorithm has demonstrated that there are seven knot
types in K5, forty-nine in K6 and one thousand and eight in K7 The seven
components of K5 correspond, topologically, to the unknot, three right-
handed trefoils and three left-handed trefoils. This phenomenon of “stuck
knots”, knots which are not isotopic at a level of finite complexity but whose
topological isotopy classes coincide, was observed for PL knots by Calvo [2],
and in a strong sense lies at the heart of the problem of understanding these
spaces.
We also note that plumbers’ knots bear strong a resemblance to both lat-
tice knots as considered, for example, in [4], and the cube diagrams studied
in [?]. We observe that a plumbers’ knot can be viewed as an approxima-
tion of a particular lattice knot, and put bounds on number of the classes of
lattice knots that arise in each Pn. The similarity to the cube diagrams of
Baldridge and Lowrance [?] suggests that the tools we develop for plumbers’
knots could be useful in the study of knot Floer homology.
The author would like to thank his advisor, Dev Sinha, for the countless
hours of conversation and support without which this research would not
have been possible.
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PLUMBERS’ KNOTS 3
1. Plumbers’ curves
We begin by introducing plumbers’ curves and the terminiology we will
use to study them.
Fix the standard orthonormal basis {x, y, z} for R3. Let I3 be the cube
[0, 1]3 ⊆ R3. Given a point v ∈ (Int I3)n−1, we construct a map φv : R→ R
3
with support on the interval [0, 1] which we call a plumbers’ curve.
Definition 1.1. Let v = (v1, . . . , vn−1) ∈ (Int I
3)n−1, and by convention
write v0 = (0, 0, 0) and vn = (1, 1, 1). For each i ∈ {0, . . . , n− 1}, define a
sequence of three linear maps xvi (t),y
v
i (t) and z
v
i (t) which interpolate between
vi and vi+1 by traveling continuously, in that order, parallel to the coordinate
axes. Explicitly, define xvi (t) :
[
i
n
, i+1
n
]
→ R3 by
xvi (t) =
(
(i+ 1− nt)vxi + (nt− i)v
x
i+1, v
y
i , v
z
i
)
and yvi (t) and z
v
i (t) analogously. When the point v is clear from context,
we will suppress it from notation. We call each such map a pipe, and each
triple of consecutive pipes (xi(t),yi(t), zi(t)) for a given i is a move. Say
the length of xi is ||xi|| = |xi(
i
n
)− xi(
i+1
n
)|, and its direction is
s(xi) =

1 xi(
i
n
) > xi(
i+1
n
)
0 xi(
i
n
) = xi(
i+1
n
)
−1 xi(
i
n
) < xi(
i+1
n
).
Again, make appropriate modifications to apply these definitions to yi and
zi.
Let φv(t) : [0, 1]→ I
3 be the union of these maps. We call φv an n-move
plumbers’ curve. (See Figure 1 for an example.)
These maps encode piecewise linear motion parallel to the x-, y- and z-
axes. A generic curve alternates these three directions of motion in the order
x, y, z, x, . . . , z, however there is no restriction from pipes having length zero.
Indeed, allowing such “pauses” and even allowing collections of vertices to
coincide will be vital to our construction of a cell structure and a coherent
directed system of the spaces of all such curves
Definition 1.2. Denote by Pn the space of n-move plumbers maps,
Pn = {φv | v ∈ (Int I
3)n−1}.
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Figure 1. A plumbers’ curve of 6 moves.
Observe that, up to reparametrization, any PL map with such an alter-
nating image is produced by such a construction, so Pn is a deformation
retract of the collection of all such maps.
1.1. Plumbers’ knots. There are two types of finite codimension singu-
larities for classical C1 curves: families of points at which the derivative
vanishes and multiple points in the image. The rigid nature of plumbers’
curves allows us to collapse all types of singularities to special cases of a
particular condition the pipes, which we will readily be able to detect.
Definition 1.3. We say two pipes of a plumbers’ curve are distant if they
are separated by at least three intervening pipes.
For example, xi and xi+1 are not distant, but xi and yi+1 are.
Definition 1.4. A plumbers’ curve is singular if the images of any pair of
its distant pipes intersect, and is non-singular if not.
When discussing singularity of curves, we will sometimes abuse termi-
nology by talking about pipes intersecting, rather than their images.
In Theorem 3.28, we will show that the weak homotopy type of the
spaces of non-singular curves converges in the limit to that of the space of
C1 long knots, which will give us a rigorous justification for this definition.
In the interim, to see that the intersection of distant pipes is an intuitively
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reasonable notion of singularity for plumbers’ curves, we compare to the
classical case.
At a point with vanishing derivative in a C1 curve, the x-, y- and z-
partial derivatives are simultaneously zero. If we construct a plumbers’
map with three consecutive coordinate equalities, for example vyi = v
y
i+1,
vzi = v
z
i+1, v
x
i+1 = v
x
i+2, then we can see that image of the “head” of the
pipe xi(t) is coincident with the images of the three zero-length pipes yi(t),
zi(t) and xi+1(t) that follow, and thus with the “tail” of the pipe yi+1(t),
which is distant. Any shorter sequence of consecutive zero-length pipes does
not create an intersection of distant pipes, and intuitively corresponds to
a nonsingular curve which is moving in a coordinate plane or parallel to a
coordinate axis.
The other type of singularity, a multiple point in the image of the map,
clearly corresponds to an intersection of of distant pipes, as well.
Remark 1.5. In the plumbers’ curve setting, it may appear that there are
other types of finite-condimension singularities not considered under Defi-
nition 1.4. Suppose, for example, a plumbers’ curve has a pair of parallel
pipes whose images coincide along some interval in their domain. How-
ever, we observe that any such intersection has the property that at least
one endpoint of one of the coincident pipes is contained in the image of the
other pipe. Thus, there is also an intersection of non-parallel, necessarily
distant pipes which occurs in addition to the originally observed “overrun”
singularity.
For example, if the image of xi(t) lies entirely in the image of xj(t), then
the image of zi−1(t) and that of yi(t) will also intersect the image of xj(t).
Further, at least one of those pipes must be distant to xj(t), so this map is
singular.
Now, we are prepared to define our primary objects of study: spaces of
plumbers’ knots and their discriminants.
Definition 1.6. A non-singular plumbers’ curve of n moves is a plumbers’
knot, and the space of all such is Kn ⊆ Pn. The discriminant Sn = Pn \Kn
is the subspace of singular plumbers’ curves.
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In order to properly compare this theroy in classical knot theory, which
deals with isotopy classes of non-singular C1 curves, we require a notion of
isotopy for plumbers’ knots.
Definition 1.7. Let φv, φw ∈ Kn. We say φv and φw are geometrically
isotopic if there is a path Φv,w : I→ Kn with Φv,w(0) = v and Φv,w(1) = w.
Later, we will see that the notion geometric isotopy in any Kn is stronger
than the usual topological notion of knot isotopy. However, the two notions
converge as we increase the articulation of plumbers’ knots. The fact that
geometric isotopies preserve the number of moves in a knot will be the
fundamental component in our solutions of the problems of enumerating
and distinguishing plumbers’ knots.
2. A cell complex for Sn
The spaces Pn possess an intrinsic combinatorial cell structure which is
compatable with the partition into subspaces Sn and Kn. The cell structure
arises by collecting plumbers’ curves φv, into families based on the ordering
of their vertices when projected onto the x, y and z axes.
Let Σn be the symmetric group on n letters. It will sometimes be con-
venient to represent σ ∈ Σn in permutation notation as a string of integers,
σ(1)σ(2) . . . σ(n). By convention, we will use τ exclusively to refer to trans-
positions, while other symbols may represent any permutation.
Throughout, most of our constructions and results will be identical for x,
y and z coordinates. To simplify statements, we will usually only explicitly
describe the x coordinate version.
Definition 2.1. Let σ ∈ Σn−1. We say φv ∈ Pn respects σ in x if
(1) 0 < vxσi(1) < v
x
σi(2)
< · · · < vxσi(n−1) < 1
Let σx, σy, σz ∈ Σn−1. Define an open set e(σx, σy, σz) ⊂ Pn by
e(σx, σy, σz) = {φv ∈ Pn | φv respects σx in x, σy in y and σz in z}
and denote by e¯(σx, σy, σz) its closure. These sets e¯(σx, σy, σz) are by def-
inition products of three closed (n − 1)-simplices. More specifically, the
family {e¯(σx, σy, σz) | σx, σy, σz ∈ Σn−1} is precisely the product of three
PLUMBERS’ KNOTS 7
copies of the standard decomposition of the cube In−1 by (n-1)-simplices.
Thus, these regions induce a cell structure on Pn whose elements are prod-
ucts of the open simplices of various dimensions arising in the standard
decomposition of In−1.
Definition 2.2. Let C•(Pn) be the chain complex associated to the cell struc-
ture induced by the collection {e(σx, σy, σz) | σx, σy, σz ∈ Σn−1}. By abuse,
we write e(σx, σy, σz) for elements of C3n−3(Pn) as well as the corresponding
subsets of Pn.
It is clear from the geometry of the complex that the codimension of a
cell is precisely the number of coordinate equalities in the points v which
compose the cell, and that all of the points in a given cell share the same
collection of coordinate equalities and inequalities.
Each top-dimensional cell described above is clearly non-empty. By dis-
tinguishing a representative map from each cell, we can move toward “dis-
cretizing” this theory:
Definition 2.3. Let e = e(σx, σy, σz) ∈ C3n−3(Pn). The representative
plumbers’ knot for e is the n-move plumbers knot φv(e) where v(e) is given
by
v(e)i =
(
σ−1x (i)
n
,
σ−1y (i)
n
,
σ−1z (i)
n
)
.
Note that every curve described in Definition 2.3 is, indeed, non-singular
because no pair of distant pipes in the image can be coplanar due to coor-
dinate inequalities.
Clearly, any plumbers’ knot in the closure of a top dimensional cell is
geometrically isotopic to the representative knot for that cell via a straight
line geometric isotopy. Thus, to study geometric isotopy types of n-move
plumbers’ knots it suffices to study only the classes representative knots of
top-dimensional cells.
Lemma 2.4. If a plumbers’ curve φv is singular, then there exists a codi-
mension one cell e ∈ C3n−4(Pn) so that φv ∈ e¯. Further, suppose e
′ ∈ C•(Pn)
and φv ∈ e
′. If φv is singular, then so is every φv′ ∈ e¯′.
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Proof. If φv is singular, by definition it must have a pair of distant pipes
which intersect. As noted in Remark 1.5, we can assume that these are,
in fact, non-parallel pipes. It is easy to characterize plumbers’ curves for
which a given pair of non-parallel pipes intersect: (here and elsewhere, we
write “(p− r)(q − r) ≥ 0” in place of “neither q < r < p nor q < r < p”)
xi ∩ yj if
(1) (vxi − v
x
j+1)(v
x
i+1 − v
x
j+1) ≥ 0,
(2) (vyj − v
y
i )(v
y
j+1 − v
y
i ) ≥ 0 and
(3) vzi = v
z
j ,
xi ∩ zj if
(1) (vxi − v
x
j+1)(v
x
i+1 − v
x
j+1) ≥ 0,
(2) vyi = v
y
j+1 and
(3) (vzj − v
z
i )(v
z
j+1 − v
z
i ) ≥ 0,
and yj ∩ zi if
(1) vxi+1 = v
x
j+1,
(2) (vyj − v
y
i+1)(v
y
j+1 − v
y
i+1) ≥ 0 and
(3) (vzi − v
z
j )(v
z
i+1 − v
z
j ) ≥ 0.
Each of these conditions requires some coordinate equality. However, the
top dimensional cells in C3n−3(Pn) contain only points for which there are
no coordinate equalities, so the point v must be located in some cell of
codimension at least one, and thus must be in the closure of some cell of
codimension one.
Now, suppose φv is singular, so there is an intersection of non-parallel
distant pipes in φv and at least one of the above collection of conditions is
satisfied by φv. Thus φv is contained in the closure of a cell e
′ ∈ C3n−4(Pn)
whose elements have only the single specified coordinate equality and the
necessary coordinate inequalities to induce this intersection. As all elements
in the interior e′ share the same pattern of coordinate equalities and inequal-
ities, and the boundary of e′ consists of points with strictly more coordinate
equalities (which cannot cause this intersection condition to fail), for all
points φv′ ∈ e¯, φv′ also has this intersection of non-parallel distant pipes
and thus is singular. 
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Lemma 2.4 tells us both that Kn is an open submanifold of Pn and that
the discriminant Sn is described by a closed subcomplex of Pn generated by
codimension one cells, whose combinatorics we now carefully develop.
Definition 2.5. Let C•(Sn) be the cell complex on Sn induced by all of the
elements of C3n−4(Pn) whose constituent plumbers’ curves are singular.
We require a naming convention for cells in these complexes involving
coordinate equalities.
Definition 2.6. Let σ ∈ Σn. We say τ ∈ Σn is a transposition appearing
in σ if it is of the form τ = (σ(i) σ(i+ 1)) for some i ∈ {1 . . . n− 1}.
For example, the transpositions appearing in 3124 are (3 1), (1 2) and
(2 4).
The elements of C•(Pn) carry left actions by the group Σn−1 for each
coordinates, and we write ρx · e(σx, σy, σz) = e(ρxσx, σy, σz), extending to
the other coordinates similarly.
Observe that precomposing σ by τ exchanges two adjacent elements in
permutation notation precisely when τ appears in σ. Such a transposition
reverses a single coordinate inequality in the definition of a cell, so the
transpositions appearing in the permutations σx, σy and σz thus enumerate
the codimension one boundaries of the cell e(σx, σy, σz).
Proposition 2.7. Let e(σx, σy, σz) ∈ C3n−3(Pn) and τ a transposition.
Then e¯ ∩ τ · e is of codimension 1 if and only if τ appears in σx.
This motivates the following naming convention for codimension 1 cells.
Definition 2.8. Let e(σx, σy, σz) ⊆ Pn be a cell and τx = (σx(i) σx(i + 1))
a transposition appearing in σx. Define a codimension one cell named
e(σx, σy, σz; τx) using the same inequalities in equation (1) as for e(σx, σy, σz),
but changing the inequality vxσx(i) < v
x
σx(i+1)
to an equality.
For example, all plumbers curves φv contained in e(1324x, σy, σz; (2 3)x)
satisfy 0 < vx1 < v
x
3 = v
x
2 < v
x
4 < 1.
As is clear from the example, however, this notation is redundant: each
cell is named twice. However, the convention makes incidence relations with
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the (3n− 3)-cells easy to understand and identification of duplicate names
is straightforward.
Proposition 2.9. e(σx, σy, σz; τx) = e(σ
′
x, σy, σz; τx) if and only if τxσx =
σ′x.
We now extend this notation to name cells of any codimension.
Definition 2.10. Let ℓ : Σn → N be the standard Coxeter group length
function, and σ, ρ ∈ Σn. Say ρ is a permutation appearing in σ if ρ admits
a decomposition into ℓ(ρ) transpositions, each of which is a transposition
appearing in σ.
If ρ appears in σ, then its decomposition into transpositions appearing
in σ is unique up to reordering. This occurs because in a decomposition
of ρ into a collection of disjoint cycles {ρj}, σ(i) and σ(i + 1) occur in the
same ρj if and only if (σ(i) σ(i+1)) is a transposition in the decomposition
of ρ.
Definition 2.11. Let e(σx, σy, σz) ∈ C3n−3(Pn) and ρx, ρy, ρz ∈ Σn−1 be
permutations such that ρi appears in σi, i ∈ {x, y, z}. Define the cell
e(σx, σy, σz; ρx, ρy, ρz) ∈ C3n−3−(ℓ(ρx)+ℓ(ρy)+ℓ(ρz))(Pn) by, for each transposi-
tion occuring in the chosen decomposition of the ρi, i ∈ {x, y, z}, changing
the appropriate inequality in equation (1) to an equality (as in Definition
2.8).
The uniqueness of the decomposition of each ρi shows that this cell
naming convention is well defined, as there is only one choice of equalities
associated to a given cell name. We can determine how many different
names apply to a given cell from the structure of the ρi.
Proposition 2.12. Let e(σx, σy, σz; ρx, ρy, ρz) ∈ C•(Pn). Decompose each
ρi, i ∈ {x, y, z}, into a product of k(i) of disjoint cycles, ρ
1
iρ
2
i · · · ρ
k(i)
j . The
cell e has
#e =
∏
i∈{x,y,z}
k(i)∏
j=1
(ℓ(ρji ) + 1)!

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redundant labels. Each such label uniquely identifies a top dimensional cell
in whose closure e occurs.
Proof. Let ρjx be a cycle in the decomposition of ρx into disjoint cycles. The
requirement that ρjx appear in σx tells us that this subset of {1, . . . , n−1} on
which ρjx has nontrivial action is precisely {σ(t), σ(t+1), . . . , σ(t+ℓ(ρ
j
x))} for
some t. Now, the cell e(σx, σy, σz; ρ
j
x) is defined to be all maps v respecting
σy in y, σz in z and so that
· · · < vxσi(t−1) < v
x
σi(t)
= vxσi(t+1) = · · · = v
x
σi(t+ℓ(ρ
j
x))
< vx
σi(t+ℓ(ρ
j
x)+1)
· · ·
That is, decomposing ρx into disjoint cycles is equivalent to isolating blocks
of adjacent of equalities in equation (1).
To select a cell e(σ′x, σy, σz) which has in its closure e(σx, σy, σz, ρ
i
x), we
choose an order for these vertices. There are (ℓ(ρjx)+1)! such, and it is clear
that this choice is independent of the corresponding choices for the other
disjoint cycles in ρx.
As we can perform this procedure independently for each of the disjoint
cycles and for each coordinate, our final count is simply the product of that
for the disjoint cycles, as required. 
For example, there are two classes of names for codimension 2 cells:
those for which the ρ are some combination of two disjoint transpositions
and those for which the ρ consist of a single 3-cycle. In the former case,
there are 4 names for each cell, while in the latter there are 6.
Utilizing this naming scheme, we can extend the idea of representative
knots for top dimensional cells to produce representative curves for every
cell in C•(Pn).
Definition 2.13. Fix a cell e = e(σx, σy, σz; ρx, ρy, ρz) ⊆ Pn. A map in
such a cell will have vertices in n− ℓ(ρx) distinct (y-z)-planes, some of the
x vertices now being coplanar. Define E[σx, ρx] : {1, . . . , n−1} → N to take
as its value the number of equalities that occur before vi in the x− axis for
elements of e.
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The representative curve (or representative knot, if non-singular) for e
is φv(e) with
v(e)i =
(
E[σx, ρx](i)
n− ℓ(ρx)
,
E[σy, ρy](i)
n− ℓ(ρy)
,
E[σz , ρz](i)
n− ℓ(ρz)
)
.
2.1. An algorithm for computing components of Kn. Our naming
convention for cells allows us to resolve several fundamental questions about
the spaces of plumbers’ knots algorithmically.
By Lemma 2.4, the codimension 1 cells in C3n−4(Pn) are partitioned into
those whose elements are plumbers’ knots and which consist of singular
plumbers’ curves. As those which consist of singular plumbers’ curves gen-
erate a cell complex for Sn, we wish to distinguish them. Fortunately, our
naming convention tells us into which of these classes a given cell falls.
Choose the representative knot for a cell e(σx, σy, σz) and a transposition
τ = (a b) appearing in σx. At the level of plumbers’ curves, the left action
of τ on σx corresponds to exchanging the x-coordinates of the ath and bth
vertices of the knots. A corresponding path in Pn between the representative
knots passes through the codimension one cell e(σx, σy, σz; τx), and thus
must involve at least one curve where the (y-z)-planes containing the pipes
ya−1 and za−1 is the same as that containing zb−1 and yb−1. These pipes
may intersect in various combinations, as illustrated in Figure 2, and any
other intersections will only occur in the closure of the cell, as discussed in
Remark 1.5.
Similar considerations demonstrate that transpositions appearing in σy
(respectively, σz) can only cause intersections of the form xa ∩ zb−1 or xb ∩
za−1 (respectively, xa ∩ yb or xb ∩ ya).
Definition 2.14. Let e(σx, σy, σz) ∈ C3n−3(Pn) and τx = (a b) a transposi-
tion appearing in σx. We say that τx produces an intersection for e if one
of the following pairs of conditions holds.
Either
(1) σ−1y (b) is between σ
−1
y (a− 1) and σ
−1
y (a); and σ
−1
z (a− 1) is between
σ−1z (b− 1) and σ
−1
z (b); or
(2) σ−1y (a) is between σ
−1
y (b− 1) and σ
−1
y (b); and σ
−1
z (b− 1) is between
σ−1z (a− 1) and σ
−1
z (a)
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PSfrag replacements
x = vxa x = v
x
b
ya−1
za−1 yb−1
zb−1
x = vxa = v
x
b
ya−1 ∩ zb−1
yb−1 ∩ za−1
Figure 2. Transposing x-coordinates may result in y-z intersections.
These conditions translate into those for ya−1 ∩ zb−1 and yb−1 ∩ za−1
in the proof of Lemma 2.4 at the level of coordinates. The definitions for
producing intersections in the y- and z-coordinates are similar.
Theorem 2.15. Let e and τx be as in Definition 2.14. There is a straight-
line geometric isotopy between the representative knots for e and τx ·e if and
only if τx does not produce a y-z intersection for e.
Definition 2.16. Let e and τx be as in Definition 2.14. If an isotopy from
φv(e) to φv(τ ·e) exists, it is an elementary geometric isotopy.
Elementary geometric isotopies play a role for plumbers’ knots similar
to that played by Reidermeister moves for diagrams of C1 knots. However,
the Reidermeister moves change various complexity measures of a knot dia-
gram, while our notion of complexity (number of moves) is invariant under
elementary geometric isotopy. This allows us to consider the equivalence
relation generated by such moves in the context of specific spaces Kn.
Corollary 2.17. Let φw1 ∈ e1, φw2 ∈ e2. Then φw1 is geometrically isotopic
to φw2 if and only if there is a sequence of elementary geometric isotopies
connecting φv(e1) to φv(e2).
That is,
Corollary 2.18. H0(Kn) ∼= Z〈e(σx, σy, σz) | σx, σy, σz ∈ Σn−1〉/ ∼, where
∼ is the equivalence relation generated by elementary geometric isotopies.
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Indeed, these observations reduce the problem of computing isotopy
classes of n-move plumbers knots to that of computing components of a
graph.
Definition 2.19. Let Γn = (Vn, En) by the graph with V = C3n−3(Pn)
and (e, e′) ∈ E if there is an elementary genometric isotopy between the
representative knots for e and e′.
The results of computing the components of this graph for K5 and K6
are included in Table 1. The topological isotopy classes of these knots were
determined by computation of the Alexander polynomial on representatives
of each class. The code for each of these processes is appended to the end
of the TEX file for this paper on the arXiv.
We can also clearly computationally determine if two n-move plumbers’
knots φw1 and φw2 are geometrically isotopic. Let e1, e2 ∈ Vn with φw1 ∈ e1,
φw2 ∈ e2. Starting at e1, perform a search for e2. If the search terminates
successfully, the knots are isotopic. Otherwise, they are not geometrically
isotopic for the given n.
Suppose ϕ1 and ϕ2 are C
1 knots. If it is possible to determine an n so
that approximating each via a plumbers’ knot of n-moves ensures that a
geometric isotopy exists if topological isotopy exists, this method can be
used to determine if given knots are isotopic in O((n!)3) running time.
An immediate consequence of Theorem 2.15 and Lemma 2.4, we have
the following characterization of the cell complex for Sn.
Corollary 2.20. C•(Sn) is generated in dimension 3n−4 as a cell complex
by all cells of the form e(σx, σy, σz, τx) for which τx produces an intersection.
Equivalent to constructing the graph Γn is the task of enumerating the
cells in C3n−4(Sn), as these cells correspond to edges not appearing in En.
3. The map ιn : Pn → Pn+1
For fixed n, elements of Pn are too rigid to properly model classes of
C1 knots, as we see from the multiple representatives of various topological
isotopy classes in Table 1. Therefore, we require a mechanism by which
to increase the articulation of a knot of interest in a fashion which varies
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Components of K5
Type Cells Representative Type Representative
01 13,728 1234x, 1234y, 1234z
31 (R)
31 1342x, 2413y, 2413z
31 (L)
1342x, 3142y, 2413z
16 1342x, 2413y, 3124z 1342x, 3142y, 3124z
1 2431x, 2413y, 4213z 2431x, 3142y, 4213z
Components of K6
01 1.7m 12345x, 12345y, 12345z
31 (R)
19,507 24135x, 31245y, 23145z
31 (L)
12453x, 13524y, 13524z
5 42351x, 24315y, 24135z 42351x, 51342y, 24135z
5 13524x, 15324y, 51342z 13524x, 42351y, 51342z
41
393 14352x, 31452y, 42135z 41
31452x, 31524y, 32451z
393 24153x, 25314y, 24315z 24513x, 42135y, 32415z
51 (R)
19 24153x, 31524y, 42315z
51 (L)
15342x, 31542y, 31524z
19 25134x, 41253y, 35241z 52413x, 24513y, 25314z
4 15342x, 24153y, 42153z 15342x, 31542y, 42513z
4 31542x, 31524y, 42315z 31542x, 42513y, 42315z
1 41523x, 41352y, 34152z 41523x, 25314y, 34152z
52 (R)
12 15342x, 24513y, 35124z
52 (L)
15342x, 31542y, 35124z
12 25413x, 35124y, 25314z 24513x, 42153y, 42315z
9 25134x, 24153y, 35241z 25134x, 35124y, 35241z
9 25413x, 31524y, 42315z 52413x, 24513y, 23514z
4 15342x, 24513y, 42153z 15342x, 31542y, 42153z
4 31542x, 31524y, 42351z 31542x, 42153y, 42315z
3 15342x, 25413y, 31524z 15342x, 31452y, 31524z
3 24153x, 35214y, 42315z 24153x, 41253y, 42315z
2 15342x, 25413y, 42513z 15342x, 31452y, 42513z
2 35142x, 35214y, 42315z 35142x, 41253y, 42315z
1 15342x, 24153y, 41253z 15342x, 35142y, 41253z
1 31452x, 31524y, 42315z 31452x, 42513y, 42315z
1 41523x, 25314y, 43152z 41523x, 41352y, 43152z
1 41532x, 41352y, 34152z 41532x, 25314y, 34152z
Table 1. Components of K5 and K6; the number of cells in
a component are the same in the second column
continuously across each Pn and which, in the limit, produces a model of the
space of C1 knots. It will be convenient to construct the maps Pn → Pn+1
so that they take Sn to Sn+1 in addition to carrying Kn to Kn+1. Such maps
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clearly involve adding vertices to curves, a process which is complicated by
the presence of zero-length pipes in non-singular curves.
While it would also be useful for the map to be cellular with respect
to the cell complex structure on Pn, and we will not be able to construct
such a map. However, we can approximate a cellular map by applying a
subdivision to the cell complex in the codomain, after which the map will
be “mostly cellular” in the sense we can define a cellular map from a large
subset of C•(Pn) to the subdivision of C•(Pn+1). The remainder of the
curves of Pn will be forced to map into the interior of cells in Pn+1, but we
will be able to identify which cells contain their images.
Occasionally it will be useful to refer to our basis vectors {x, y, z} as
{e0, e1, e2}. When we write [n]3 we are referring to the reduction of n
modulo 3.
We require two more pieces of notation in order to understand how the
maps in the directed system interact with the cell complex. First, we need
to modify permutations to reflect the insertion of vertices into the plumbers’
maps.
Definition 3.1. Let k ∈ {1 . . . n− 1} and σ ∈ Σn−1. Define jk,k+1(σ) ∈ Σn
by
jk,k+1(σ)(i) =

σˆ[k](i) i < σ−1(a) + ⌊1
2
(σ−1(k) + σ−1(k + 1)⌋)
k + 1 i = σ−1(a) + ⌊1
2
(σ−1(k) + σ−1(k + 1)⌋)
σˆ[k](i− 1) i > σ−1(a) + ⌊1
2
(σ−1(k) + σ−1(k + 1)⌋).
where σˆ[k] : [n− 1]→ [n] by
σˆ[k](i) =
{
σ(i) σ(i) ≤ k
σ(i) + 1 σ(i) > k.
and a = min{σ−1(k), σ−1(k + 1)}.
The permutation jk,k+1(σ) is the result of inserting a new vertex at the
“lexicographic midpoint” of k and k + 1 in permutation notation. For
example, j2,3(12453) = 125364.
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Second, we need to define a subdivision of the complex C•(Pn) and ex-
tend our previous naming convention to its cells. Recall that elements of
C•(Pn) are geometrically defined to be the product of three simplices.
Definition 3.2. Let C B• (Pn) be the complex obtained by barycentric subdi-
vision of elements of C•(Pn) separately in all three coordinates.
In the simplex in I(n−1) which respects σx, the codimension one subset in
which vxj is the average of its two neighboring coordinates is a union of faces
in the barycentric subdivision, as in Figure 3. We will require the following
notation for such elements in C B• (Pn).
e(σx, σy, σz; 〈j〉x) = {v ∈ e(σx, σy, σz)|
vxj =
1
2
(vx
σx(σ
−1
x (j)−1)
+ vx
σx(σ
−1
x (j)+1)
)}
The cell e(σx, σy, σz; 〈j〉x) is a product of the simplicies represented by σy
and σz with these subdivision faces. Since this cell is a subset of an existing
cell, we extend our transposition notation to its faces in the obvious manner.
We now wish to define the maps ιn : Pn → Pn+1. For generic curves in
Pn, such a map is simply a selection of a pipe into which to insert a new
vertex. In order for the limit of the resulting directed system to provide
a model for the space of knots, these maps should insert new vertices in
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a “sufficiently distributed” fashion as n varies. One approach to ensuring
such a distribution, which we use here to avoid the complexity of an explicit
formula, is to fix a function A : N→ N by sampling α(n) from the uniform
distribution on {1, . . . , n−1} and insert a vertex at the midpoint of the pipe
traveling in the e[n]3 direction in the A(n)th move, per Figure 4. We now
define the maps on both the plumbers’ map and cellular level in parallel.
For our fixed A and n, most plumbers’ knots and all singular plumbers’
curves can be articulated simply by adding a new vertex in the image of the
existing knot in the specified pipe.
Definition 3.3. Fix a function A : N → N as described above, and let
n ∈ N. Write α = A(n) + 1. Let φv ∈ Pn so that there is some i with
(v
[n]3
α − v
[n]3
i )(v
[n]3
α+1 − v
[n]3
i ) > 0. Such points live in cells for which (α α+1)
does not appear in σe[n]3 . Call any cell in with this property good and write
C g• (Pn) for the collection of all such.
We begin by defining the map on good cells. For technical reasons, we
assume n > 2; this restriction is trivial as P1 and P2 are uninteresting.
Definition 3.4. Let A, n > 2 and α be as in Definition 3.3. Let e ∈ C g• (Pn)
and φv ∈ e and write δi,j for the Kronecker delta. Define ιˆ
g
n(v) by
(ιgn(v))i =
{
vi i ≤ α
vi−1 i > α + 1
and
(ιˆgn(v))
x
α+1 = v
x
α+1 −
1
2
s(xα)||xα||δ[n]3,0
(ιˆgn(v))
y
α+1 = v
y
α +
1
2
s(yα)||yα||[n− 1]3
(ιˆgn(v))
z
α+1 = v
z
α +
1
2
s(zα)||zα||δ[n]3,2.
and define ιgn(φv) = φιˆgn.
The image of the curve ιgn(φv) is the same as that of φv, but it contains
a new vertex which is coplanar in two dimesions with vertices from the old
curve and whose third coordinate is the average of the two endpoints of the
pipe. This is geometrically isotopic to a curve in which the third coordinate
is inserted instead at the average of those of the two vertices closest to the
middle of the pipe.
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Using the j maps of Definition 3.1, the following is immediate from
Definition 3.4.
Lemma 3.5. Let e ∈ C g• (Pn). Then the image of e under the induced chain
map (ιgn)# : C
g
• (Pn)→ C
B
• (Pn) is
(ιgn)#(e(σx, σy, σz)) = e(jα,α+1σx, jασy, jασz;
〈α+1〉x, (α α+1)y, (α α+1)z)..
However, if the pipe into which we are to insert our prescribed vertex
has zero length, such a map will insert a vertex coincident to an existing
one. This poses no problem in the discriminant, but would result in a knot
mapping to a singular curve. For example, if vi = (v
x
i , v
y
i , v
z
i ), and vi+1 =
(vxi , v
y
i , v
z
i+1), attempting to apply ι
g
n to insert a vertex in either of xi or yi
would result in ιˆgn(v)i = ιˆ
g
n(v)i+1 = vi, so ι
g
n(φv)
(
3i+1
n
)
= ιgn(φv)
(
3i+4
n
)
, an
intersection of distant pipes. Notice that this issue only arises if a particular
pair of consecutive vertices specified by A and n in the curve lie in the same
coordinate plane.
Definition 3.6. Let A, n and α be as in Definition 3.3. A cell of the
form e(σx, σy, σz; (α α+1)e[n]3) ∈ C•(Pn) is called α-planar. Write C
p
• (Pn)
for the family of all such cells.
We will resolve this issue by “borrowing” length from the two pipes
which neighbor the zero-length pipe into which we are to insert the vertex,
at least one of which is guaranteed to have non-zero length if the curve
is non-singular. In some cases, this requires changing the coordinates of
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the two existing neighboring vertices in a manner which does not change
the topological knot type of the image, as in Figure 5. Thus, we limit our
deformation of the knot in either borrowing direction to half the distance
to the closest pipe, which must run perpendicular to the plane in which the
two vertices occur.
We make the following sequence of definitions for e[n]3 = x. Similar
definitions are assumed for y and z.
Definition 3.7. Let A, n and α be as in Definition 3.3. Let e ∈ C p• (Pn)
and φv ∈ e. Define ιˆ
p
n(v) by
(ιˆpn(v))i =

vi i ≤ α− 1
(vxα, v
y
α,
1
2
(vzα + v
z
σz(σ
−1
z (α)+s(zα−1))
)) i = α
(vxα,
1
2
(vyα + v
y
σy(σ
−1
y (α)+s(yα))
), vzα) i = α + 1
vi−1 i ≥ α + 2.
and ιpn(φv) = φιˆpn(v).
As before, this map descends to a cellular map to the barycentric sub-
division of the codomain.
Lemma 3.8. Let e ∈ C p• (Pn). Then the image of e under the induced chain
map (ιpn)# : C
p
• (Pn)→ C
B
• (Pn) is
(ιPn )#(e(σx, σy, σx; (α α+1)x)) = e(jα,α+1σx, jασy, jασz;
(α α+1)x〈α+1〉x, 〈α+1〉y, 〈α+1〉z).
It now remains to continuously define a map on the remaining cells that
continuously extends ιgn and ι
p
n..
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Definition 3.9. All cells which are neither good nor α-planar are interpo-
lating. Write C I• (Pn) for the set of all interpolating cells.
Interpolating cells are those for which (α α+1) appears in σ[n]3 but which
are not in the closure of an α-planar cell. When within such a cell, rather
than simply inserting a vertex we will also slightly perturb the vertices
using the borrowing construction from Definition 3.7 in a fashion which
continuously interpolates between the maps on good cells and those on α-
planar ones. See Figure 6 for an example of such an interpolating map,
comparing with Figure 4 and Figure 5.
Definition 3.10. Let A, n and α be as in Definition 3.4, e ∈ C I• (Pn) and
φv ∈ e.
The interpolating parameter for v, p(v), is the ratio of the distance
between vxα and v
x
α+1 to the maximal distance between this pair of vertices
in the collection of maps within the cell e for which all other vertices agree
with those of φv:
p(v) =
||xα||
|vx
σx(σ
−1
x (α)−s(xα)))
− vx
σx(σ
−1
x (α+1)+s(xα)))
|
Define ιIn(v) by
(ι0n(v))i =

vi i ≤ α− 1
(vxα, v
y
α, v
z
α −
p(v)
2
(vzα − v
z
σz(σ
−1
z (α)+s(zα−1))
)) i = α
(vxα, v
y
α −
p(v)
2
(vyα − v
y
σy(σ
−1
y (α)+s(yα))
), vzα) i = α + 1
vi−1 i ≥ α + 2.
Only ιIn fails to be cellular in any sense, though the image of an interpo-
lating cell is contained in a cell we can identify.
Lemma 3.11. Let α = α(n) + 1 and e ∈ C I• (Pn). Thought of as a subset
of Pn, the image of e under ι
I
n satisfies
ιIn(e(σx, σy, σx)) ⊆ e(jα,α+1σx, jασy, jασz ; 〈α+ 1〉x).
Finally, we can define the desired map ιn : Pn → Pn+1.
Definition 3.12. Define ιn to be the union of the maps ι
g
n , ι
p
n and ι
I
n . For
m > n, write ιn,m = ιm−1 ◦ ιm−2 ◦ · · · ◦ ιn. Let ιn,∞ : Kn → lim−→Kn be the
induced map and similarly for Sn. By convention, ιn,n is the identity.
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Figure 6. ιIn
By abuse, as it will be clear from context, we write ιn for its restrictions
to either Kn and Sn.
Now, as we have been careful in our definitions to ensure that knots are
taken to knots and singular curves to singular curves in an injective manner,
we have
Lemma 3.13. ιn : Kn →֒ Kn+1 and ιn : Sn →֒ Sn+1.
3.1. The directed system of spaces of plumbers knots. The spaces
{Kn}n∈N form a directed system under the maps ιn of Definition 3.12. In the
colimit, the curves are “fully articulated” and, as we will see in Theorem
3.28, the resulting space has the homotopy type of the space of C1 long
knots.
It follows from Lemma 3.13 that if φv and φw ∈ Kn are geometrically
isotopic, so are φιn(v) and φιn(w).
Definition 3.14. Let φv ∈ Kn and φw ∈ Km. We say φv and φw are
(topologically) isotopic if there is a path Φ¯v,w : I → lim−→Kn with Φ¯(0) =
ιn,∞(v) and Φ¯(1) = ιm,∞(w).
In order to compare these new spaces Kn to more familiar spaces of
(long) knots, we will rely on the more familiar spaces of piecewise-linear
knots. To facilitate comparison, we will restrict ourselves to a deformation
retract of the usual space of such knots: PL maps of exactly n segments
such that each segment has as its domain an interval of length 1
n
. Such maps
can, as with plumbers’ curves, be uniquely identified with their vertices.
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Definition 3.15. Let v ∈ (Int I3)n−1, and for i ∈ {0, . . . , n− 1} construct
linear maps between consecutive vi as follows.
ℓ vi (t) :
[
i
n
,
i+ 1
n
]
→ R3 = (i+ 1− nt)vi + (nt− i)vi+1
Each such map is a segment. Let ψv : [0, 1]→ R
3 be the union of the ℓvi , so
for t in the domain of ℓvi , ψv(t) = ℓ
v
i (t). Such a map is a PL map with n
segments.
Definition 3.16. Let v ∈ (Int I3)n−1 and ψv the corresponding PL map
with n segments. ψv is non-singular if it is injective, in which case we call
it a PL knot with n segments. Denote by Ln space of all PL knots with n
segments.
The maps which make Ln into a directed system are constructed in a
manner similar to the maps between the Kn, but are much more straightfor-
ward because there is no corresponding notion of a knot with a segment of
zero length. (As we do not intend to study singular PL curves, we omit dis-
cussion pertaining to those curves.) Explicitly, for each n we define a map
which inserts a vertex at the midpoint of the α(n)th segment (for some ap-
propriate distribution α) and reparameterize the map, which we accomplish
simply by reconstructing the curve from the new list of vertices.
Definition 3.17. Let A, n and α be defined as in Definition 3.4. Define a
map Iˆn : (Int I
3)n−1 → (Int I3)n, by
(Iˆn(v))i =
 vi i < α12(vi−1 + vi) i = α
vi−1 i > α.
and a map In : Ln → Ln+1 by In(ψv) = ψIˆ(v).
It is apparent that In is injective for all n.
Definition 3.18. For m > n, write In,m = Im−1 ◦ Im−2 ◦ · · · ◦ In, and let
In,n be the identity. Write In,∞ : Ln → lim−→Ln for the induced map.
Geometric isotopy and (topological) isotopy of PL knots are defined, in
an analogous manner as for plumbers’ knots, as isotopy at a fixed Ln and
after passing to the colimit, respectively.
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Let K be the space of C1 long knots in R3. With the construction we
have exhibited, it is classically known that lim−→Ln ≃ K. We wish to establish
that lim−→Kn ≃ lim−→Ln in order to use the space of plumbers’ knots as a model
for studying isotopy classes of knots in K. Our method for proving this fact
is standard but technically intricate: we produce maps from each directed
system to the other which are, up to isotopy, inverses in the limit.
In order to understand what our maps are doing to components in the
limit, it will be convenient to be able to compare the topological isotopy
types of the images of PL and plumbers’ knots. It is straightforward to ap-
proximate with arbitrary precision the image of a plumbers’ or PL knot with
a non-singular C1-knot by “smoothing” corners. Denote such a smoothing
by φ˜v or ψ˜v respectively.
Definition 3.19. Let g : Kn → Lm (respectively h : Lm → Kn). We say g
respects the isotopy type of φv if φ˜v and g˜(φv) (respectively ψ˜v and h˜(ψv))
are isotopic as C1 knots. If g (or h) respects the knot type of all knots, we
say it respects isotopy types.
We would like to use the naive map that sends a plumbers’ knot to a
PL knot defined by the same set of vertices. However, not all plumbers’
knots have vertices which produce valid PL knots, as plumbers’ knots can
have pipes of zero length. In order to produce continuous maps, we rely
on techniques similar to those used in Section 3 and “buckle” knots which
have segments whose length is below a particular threshold, as illustrated
in Figure 7. Thus, our map will be fn : Kn → L3n.
Definition 3.20. Define the global perturbation distance ǫ : Kn → R by
ǫ(φv) =
1
10
min(ǫ1(φv), ǫ2(φv))
where
ǫ1(φv) = min{d(p,q) | p,q ∈ {x
v
i ,y
v
i , z
v
i }
n−1
i=0 s.t. p,q are distant.}
ǫ2(φv) = min{d(p, ∂(I
3n−3)) | p ∈ {xvi ,y
v
i , z
v
i }
n−2
i=1 }.
Here, distances are measured using the images of pipes.
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That is, the global perturbation distance is a small fraction of the min-
imum of the distances between distant pipes and between pipes which do
not intersect the boundary of the unit cube and that boundary. By moving
each point in the image of the knot more than this distance, we are certain
that the resulting map will respect isotopy types.
Definition 3.21. Let φv ∈ Kn and let p be a pipe in φv. Define the buckling
function for p by
β(p) =
{ √
ǫ(φv)2−||p||2
2
ǫ > ||p||
0 ǫ ≤ ||p||.
The buckling function acts as the borrowing function did before, provid-
ing an interpolation which allows us to make our function continuous. As
the length of a particular pipe shrinks, we deform the the image of the knot
in L3n by moving the vertices at its endpoints into the pipes which neighbor
it, as in Figure 7.
We can now give the map fn : Kn → L3n obtained by buckling a plumbers’
knot.
Definition 3.22. Let φv ∈ Kn. For each i ∈ {0, . . . , n− 1} define
(fˆn(v))3i = (v
x
i + s(xi)||xi||β(zi−1), v
y
i , v
z
i − s(zi−1)||zi−1||β(xi)),
(fˆn(v))3i+1 = (v
x
i − s(xi)||xi||β(yi), v
y
i + s(yi)||yi||β(xi), v
z
i ),
(fˆn(v))3i+2 = (v
x
i , v
y
i − s(yi)||yi||β(zi), v
z
i + s(zi)||zi||β(yi)).
where for notational convenience, we define β(z−1) = ||z−1|| = 0, and let
fn(φv) = ψfˆn(v).
The global perturbation distance ensures that
Lemma 3.23. fn respects isotopy types.
We will make use of the maps fn in our proof of Theorem 3.29. We also
require maps in the other direction.
Definition 3.24. Let w ∈ Ln. Define An : Ln → Kn to be the map which
takes the PL knot ψw to the plumbers’ knot on the same vertex set, φw.
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Figure 7. Buckling a plumbers’ knot to create a PL knot
In general, An does not preserve topological knot types or even non-
singularity. However, in order to ensure that An respects knot type it is
sufficient to force the segments in ψw to be “short”, and we can accomplish
this for a given knot ψw by looking at its image under In,N for large enough
N . To find such N , we require the following measurement.
Definition 3.25. Define the maximal segment length function δ : Ln → R
by
δ(ψw) =
1
10
min(m1(ψw), m2(ψw)).
where
m1(ψw) = min{d(ℓ
w
i , ℓ
w
j ) | |i− j| > 1}
m2(ψw) = min{d(ℓ
w
i , ∂(I
3n−3) | i ∈ {1, . . . , n− 1}}
This definition is very similar to that of the global perturbation distance
in Definition 3.20. We again wish to deform the image of the knot without
changing its topological isotopy type. Specifically, here we think of a seg-
ment as the diagonal of a rectangular prism in R3, and wish to replace the
segment with a plumbers’ move along the boundary of that prism. If the
segment is shorter than the minimal segment length for the knot, then no
other edge of the knot passes through the prism, and so this replacement
cannot change its topological isotopy type.
Definition 3.26. Let N(ψw) be the minimum number so that ψIn,N(ψw)(ψw)
is a PL knot with the property that no segment has length greater than δ(w).
Clearly, N(ψw) is exists and is well-defined, and we have
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Lemma 3.27. AN(ψw) ◦ In,N(ψw) respects the isotopy type of ψw.
We finally have sufficient machinery to prove that lim−→Kn has the proper
weak homotopy type.
Theorem 3.28. lim−→Kn is homotopy equivalent to lim−→Ln.
However, the technique of the proof is nearly identical in form and con-
tent to the proof for π0 isomorphism, requiring only more cumbersome no-
tation to we work with families rather than individual maps and the ap-
plication of compactness to bound the articulation necessary to realize a
family, so we only explicitly prove
Theorem 3.29. The induced map f∗ : π0(lim−→Kn) → π0(lim−→Ln) is an iso-
morphism of sets.
Proof. We begin by showing surjectivity of f∗. Let ψ¯w ∈ lim−→Ln and ψw ∈ Lk
so that Ik,∞(ψw) = ψ¯w. Write N = N(ψw). We require that in following
family of diagrams indexed by w¯, the images of ψw under both paths are
geometrically isotopic.
Lk
Ik,3N
))
Ik,N
// LN
AN

L3N
KN
fN
<<
②
②
②
②
②
②
②
②
However, as AN , fN and Im for each m respect the isotopy type of ψw, there
is a geometric isotopy between the images. Since the ιn are injective, this
says that for ψ¯w ∈ lim−→Ln there exists φ¯v ∈ lim−→Kn which maps to the isotopy
class of ψ¯w under f∗.
Now, let ψ¯w and ψ¯w′ be isotopic elements of lim−→Ln. We can lift an isotopy
between them to a geometric isotopy at some finite stage, Ψψw,ψw′ : I→ Ln.
Let N = max{N(Ψ(t)) | t ∈ I}, where N(ψw) is as in Definition 3.24.
Precompose Ψψw,ψw′ by In,N to produce a geometric isotopy Ψˆ between
In,N(ψw) and In,N(ψw). Now we can apply AN to get a geometric isotopy
between (AN ◦ In,N)(φw) and (AN ◦ In,N)(φw′). Per the proof of surjectivity,
under fN these map to elements geometrically isotopic to In,3N(ψw) and
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Figure 8. Closing a plumbers’ knot to obtain a lattice knot.
In,3N(ψw′ respectively. That is, if ψ¯w, ψ¯w′ ∈ lim−→Ln are isotopic, we can
construct an isotopy between elements of lim−→Kn which map to knots isotopic
to ψ¯w and ψ¯w′, so f∗ is injective, and thus an isomorphism.

4. Relationships with lattice knots and cube diagrams
We observe that plumbers’ knots bear strong resemblance to a number
of other discrete knot theories. Two of particular interest are lattice knots
and cube diagrams. Lattice knots are studied because they can be used to
model physical data like length and thickness of the material from which
a knot is constructed. Cube diagrams are used in [?] to construct chain
complexes of knots with which one can study knot Floer homology.
4.1. Lattice knots. A lattice knot is a PL knot whose segments lie parallel
to the coordinate axes and meet one another on points of the integer lattice
Z3 ⊆ R3. Clearly, such knots are very closely related to the representative
knots of Definition 2.13. In fact, any representative of a cell of non-singular
plumbers’ knots can be ”closed” to produce a lattice knot, as in Figure 8.
Recall that Lm is the space of m-segment piecewise linear knots and
suitably modify the definitions given so that maps in Lm have their images
in [0, N ]3 for some large N . Let Latm ⊆ Lm be the subspace of lattice knots.
Definition 4.1. Let φv ∈ Pn be a representative knot for the cell e(σx, σy, σz)
and define a lattice knot LK(φv) ∈ Lat3n−1 by
PLUMBERS’ KNOTS 29
LK(v)0 =
(
n + 1, n · vyn−1, 0
)
LK(v)1 =
(
n · vx1 , n · v
y
n−1, 0
)
LK(v)2 = (n · v
x
1 , n · v
y
1 , 0)
LK(v)3k = (n · v
x
k , n · v
y
k , n · v
z
k)
LK(v)3k+1 =
(
n · vxk+1, n · v
y
k , n · v
z
k
)
LK(v)3k+2 =
(
n · vxk+1, n · v
y
k+1, n · v
z
k
)
LK(v)3n−3 =
(
n · vxn−1, n · v
y
n−1, n · v
z
n−1
)
LK(v)3n−2 =
(
n + 1, n · vyn−1, n · v
z
n−1
)
where k ranges from 1 to n− 2.
Each representative knot for a codimension 0 cell of Pn maps to a lattice
knot with 3n−1 segments. However, these knots tend to use more segments
than necessary and there is interest in discovering the minimal number
of segments required to create a lattice knot of a given topological knot
type. Recall that, as in Definition 2.13, the idea of a representative knot is
extensible to cells of any dimension in C•(Kn). As some of the plumbers’
knots what appear in these cells contain zero-length pipes which must be
omitted from their image in Latm, we can study them as a means to find
lattice knots with fewer segments. A pipe has zero length precisely when the
two vertices which define its move are in the same appropriate coordinate
plane.
Proposition 4.2. Let ρ ∈ Σn and define µ(ρ) to be the number of pairs
of consecutive integers which appear in the same cycle in ρ. Let v ∈
e(σx, σy, σz; ρx, ρy, ρz). The number of zero-length pipes in φv is µ(v) =
µ(ρx) + µ(ρy) + µ(ρz).
Also, notice that when we close an n-move plumbers’ knot for which
vy1 = v
y
n−1, there is a zero length segment produced in the closure. This
occurs when 1 and n− 1 appear in the same cycle in ρy.
Further, since adjacent pipes can move along the same coordinate axis,
it is permissible to omit a vertex in the middle of the segment when we
construct the lattice knot.
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Proposition 4.3. Let ρ ∈ Σn and let ν(x) be the number of pairs of
consecutive integers which appear in the same cycle in ρy and ρz. Let
v ∈ e(σx, σy, σz; ρx, ρy, ρz). The number of consecutive moves which travel
only along single axes in φv is ν(v) = ν(x) + ν(y) + ν(z).
Notice that if φv is a plumbers’ knot, the same pair of consecutive integers
can never occur in all three of ρx, ρy and ρz, as this would produce three
consecutive zero-length pipes.
Lemma 4.4. For v ∈ Kn, µ(v) + ν(v) + δvy1 ,v
y
n−1
≤ 3(n− 2) + 1.
Definition 4.5. Fix a cell e(σx, σy, σz; ρx, ρy, ρz) and let φv ∈ Kn be the
representative knot for e. Let µ(v) and ν(v)) be as above. Define a lattice
knot LK(v) ∈ Lat3n−1−µ(v)−ν(v) in the same manner as in Definition 4.1,
omitting vertices which would coincide or which bound two segments which
move along the same coordinate axis.
Using this definition, Lemma 4.4 says that the smallest number of seg-
ments that can occur in a lattice knot arising as the closure of a plumbers’
knot of n moves is 4. Clearly, such a lattice knot is an unknot. This
bound is acheived by the representative of the cell e(12 . . . (n−1)x, 12 . . . (n−
1)y, 12 . . . (n−1)z; (1 2 . . . (n−1))y, (1 2 . . . (n−1))z), for example.
The lattice knots which are produced by plumbers’ knots are character-
ized by one or two segments lying in the z=0 plane and one in the plane with
the highest x coordinate. Every lattice knot can be deformed to such, under
the appropriate notion of isotopy. It seems likely, therefore, that plumbers’
knots will serve as a bridge to allow translation of tools from classical knot
theory to be applied to finite complexity knot theory and vice versa.
4.2. Remarks on cube diagrams. The cube diagrams of Baldridge and
Lowrance [?] bear strong resemblance to lattice knots and can be considered
as plumbers’ knot representatives of particular cells.
Proposition 4.6. Let e = e(σx, σy, σz) ∈ C3n−3(Kn) and v ∈ e. The
plumbers’ knot φv satisfies the x-y crossing condition described in [?] if
whenever σ−1x (b+1) is between σ
−1
x (a) and σ
−1
x (a+1) and σ
−1
y (a) is between
σ−1y (b) and σ
−1
y (b+1), then σ
−1
z (b) > σ
−1
z (a). (Compare to Definition 2.14.)
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This follows immediately from the definitions, and symmetric statements
exist for the y-z and z-x crossing conditions. We can consider the subspace
of cube knots of n moves, Cn ⊆ Kn, generated by such cells, which are
precisely the cube knots of grid number n. If we do not allow stabilization
moves, isotopy of cube knots in each finite space is the same as geometric
isotopy through cube knots. Application of the algorithm for classification
of plumbers’ knots yields that C5 has precisely one cell, a right-handed
trefoil, while C6 has 11 components and C7 has 108.
Allowing for the stabilization moves described in [?], the authors prove
the following analogue to Theorem 3.29.
Theorem 4.7 ([?]). π0(lim−→Cn)
∼= π0(lim−→Kn)
As cube diagrams can be used to compute combinatorial knot Floer
homology via a modification of the grid diagram algorithm in [?], these
subspaces Cn are of particular interest. We expect that our development
of the combinatorics of plumbers’ knots will illuminate computations in the
cube diagram chain complex for knot Floer homology. Further, our study
of plumbers’ knots relationship to finite-type invariants in [3] may provide
a method of understanding connections between the two theories.
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